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ABSTRACT This paper presents a novel method to address the actuator saturation for nonlinear hybrid
systems by directly incorporating user-defined input bounds in a controller design. In particular, we consider
the application of bipedal walking and show that our method [based on a quadratic programming (QP)
implementation of a control Lyapunov function (CLF)-based controller] enables a gradual performance
degradation while still continuing to walk under increasingly stringent input bounds. We draw on our
previous work, which has demonstrated the effectiveness of the CLF-based controllers for stabilizing
periodic gaits for biped walkers. This paper presents a framework, which results in more effective handling
of control saturations and provides a means for incorporating a whole family of user-defined constraints into
the online computation of a CLF-based controller. This paper concludes with an experimental validation of
the main results on the bipedal robot MABEL, demonstrating the usefulness of the QP-based CLF approach

for real-time robotic control.

INDEX TERMS Quadratic programming, legged locomotion, Lyapunov methods.

I. INTRODUCTION
Biped locomotion presents an interesting control challenge,
especially since the dynamic models are typically hybrid
and underactuated. The method of Hybrid Zero
Dynamics (HZD) [2], [3] has provided a rigorous and intu-
itive method for implementing periodic walking gaits in such
robotic systems, by driving the system to a lower-dimensional
zero dynamics manifold on which the walking gait exists as
an exponentially stable periodic orbit. Typical experimental
implementation of the HZD method has relied on input-
output linearization with PD control to drive the system
to the zero dynamics manifold [4], but recent work by the
authors has demonstrated that control Lyapunov func-
tion (CLF)-based controllers can be used to effectively imple-
ment stable walking, both in simulation and in experimental
contexts [1].

A variant formulation known as an exponentially
stabilizing control Lyapunov function (ES-CLF) provides

a means for not only guaranteeing exponential stability of
a system but also providing an explicit bound on the rate
of convergence. In the case of hybrid systems (such as
biped robots with impulsive foot-ground impact), an even
stronger convergence property is required, and therefore we
turn to rapidly exponentially stabilizing control Lyapunov
functions (RES-CLF).! This type of CLF, which will
be reviewed in more detail in Section II, incorporates
an additional tuning parameter which allows the user to
directly control the rate of exponential convergence. The
work in [1] established the key theoretical properties of
CLF-based controllers in a hybrid context, and also pre-
sented a description of the successful experimental imple-
mentation of a CLF-based controller on the robotic testbed
MABEL. However, it was also noted that the user-defined

I This stronger convergence property is required to meet the conditions
described in [1, Th. 2], which relates stability of a hybrid periodic orbit in
the zero manifold to stability of the orbit in the full space.
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control saturations were active throughout a large portion
of the walking experiment, and that these saturations had
a significant impact on the actual performance of the
CLF-based controller as compared to the predicted per-
formance based on theoretical bounds. In this context the
hard torque limits were “blindly” applied to the calculated
CLF-based control torques, without explicit consideration of
the potential effect on the controller performance.

The impact of actuator saturation in feedback systems
is often detrimental to stability and performance, and it
therefore has been the study of a large body of research.
(See [5] for instance, which provides an extensive bibliogra-
phy on the topic.) In the context of robotic biped locomotion,
torque saturations can limit the ability to recover from distur-
bances and result in instability. Typically, torque saturation
is considered during the design of walking gaits, where
actuator limitations are included as inequality constraints
for an offline gait-design optimization routine (see [6] for
instance). However, while this approach can guarantee that
the torques required on the periodic walking gait are within
limits, it does not account for disturbances such as rough
terrain or model uncertainties which demand higher torques
during recovery phase. In other work, such as [7], an optimal
decision strategy in the form of an optimal control problem is
solved point-wise in time to minimize the deviation between
the joint accelerations and the desired joint accelerations
subject to input constraints. The authors also extend this
to handle robustness when the plant model is not known
precisely. Further, in [8], torque saturations are incorporated
into calculation of a feedback control designed to track a
time-based reference trajectory, with tracking error traded off
in order to keep torque controls within limits.

The main contribution of this paper is to provide a novel
control design framework for application to bipedal robotics
that enables gradual performance degradation while still con-
tinuing to walk under a range of stringent torque limits.
We achieve this through an alternative method of controller
implementation based on quadratic programming (QP), that
not only preserves (as much as possible) the desirable per-
formance characteristics promised by the CLF theory, but
also respects the user-defined bounds on the inputs. Recent
work in [9] has shown that QP implementation of CLF-based
policies can be made feasible for real-time implementation
with standard processor speeds. However, this work focuses
on linear time-varying systems, and not the nonlinear hybrid
systems we consider. The use of QP can also be found in
biped control applications, as in [10] for realizing desired
link accelerations, in [11] for maintaining balance after dis-
turbances by modifying predefined reference trajectories,
and in [12] and [13] for applying model predictive control
approaches to biped control. The main contribution of the
current work is to use QP to obtain RES-CLF convergence
properties (to the extent possible) for a nonlinear hybrid
system in the face of input constraints, and demonstrate the
practicality of the approach through a non-trivial experimen-
tal implementation on a biped robot.
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The paper proceeds as follows. In Section II, we state
the dynamics of the relevant model and review the results
on CLF-based control of biped robots from [1]. Section III
discusses the adverse effects of user-specified control input
saturations on the CLF-based controller, providing the moti-
vation for Section IV which introduces a new method
for using quadratic programming to appropriately handle
torque saturation constraints for the CLF-based controllers.
Section V presents simulation and experimental results, and
we conclude with a summary in Section VI.

Il. CONTROL LYAPUNOV FUNCTIONS FOR

HYBRID SYSTEMS REVISITED

In this section we introduce the model for a biped robot
and review the recent innovations introduced in [1] for using
control Lyapunov functions to control such systems.

A. MODEL

The dynamics for a biped robot (such as MABEL, the robot
described in Section V) can be derived by the standard
method of Lagrange and take the form

D(q)g + C(q, §)q + G(q) = B(q)u, (D

where g € 2 is the robot configuration variable, u represents
the motor control torques, and D, C and G are respectively
the inertia matrix, Coriolis matrix, and gravity vector. In the
case of MABEL the configuration vector g is 7-dimensional
and is as described in [4] and depicted in Figure 7a, while u
is 4-dimensional. Reformulating the dynamics (1) as

we also define output functions of the form y(¢).> The method
of Hybrid Zero Dynamics (HZD) aims to drive these output
functions (and their first derivatives) to zero, thereby impos-
ing ‘““virtual constraints” such that the system evolves on the
lower-dimensional zero dynamics manifold, given by

Z={q.9eT21yq)=0, Lyq,q9) =0},  (3)

where Ly denotes the Lie derivative [14].

Bipedal walking has unilateral ground contact constraints
as well as friction cone constraints at the stance leg.
We address this in the design of our nominal walking gait
through a nonlinear constrained optimization process that
explicitly respects the unilateral contact force as well as the
friction cone constraints.

B. INPUT-OUTPUT LINEARIZATION

If y(¢) has vector relative degree 2, then the second derivative
takes the form

¥ = Liy(q, §) + LeLey(q, qu, “

2More specifically, the output functions take the form
¥(q) = Hpq — yq(6(q)), where 6(g) is a strictly monotonic function
of the configuration variable g, Hp is an appropriately-sized matrix
prescribing linear combinations of state variables to be controlled, and
yq(-) prescribes the desired evolution of these quantities. (See [4] for
details.)
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where the decoupling matrix L,Lry(q, ¢) is invertible due to
the vector relative degree assumption. Then defining

w'(q, §) = —(LeLyy(q, )" L7¥(g, §), )
and applying a pre-control law of the form
u(g, q) = u*(q. q) + 1 (©)
or
u(g. §) = u"(q. §) + (LeLyy(q. )™ 1t @)

renders Z invariant (provided p vanishes on Z). (Note
that u*(q, q) is a feed-forward term representing the torque
required to remain on Z.)

Under these assumptions, the dynamics (2) can be decom-
posed into zero dynamics states z € Z and transverse
variables n = [y y]. (See [3], [14] for details.) Under a pre-
control law of the form (6) or (7), the closed-loop dynamics
in terms of (7, z) take the form

0 =rfm2+gmn u ®)
z=f,2). )

For the work presented here, we will use the pre-control
law (7) so that f(n, z) = Fn and g(n, z) = G, where

0 I 0
F:[O 0}, G:[l]. (10)

The most common approach to controlling the transverse
variables (i.e. driving n to zero) relies on input-output
linearization with PD control, using (7) with

1 1
p=| =5k =2k |1 an
& &
where Kp and Kp are diagonal matrices chosen such that the
matrix
0 1
|:_ Kp KD1| (12)
is Hurwitz.

C. CLF-BASED CONTROL

Recently, a new method based on control Lyapunov functions
has been introduced in [1], which provides an alternative
method for controlling the transverse variables. That method
can be summarized as follows.

A function V.(n) is a rapidly exponentially stabilizing
control Lyapunov function (RES-CLF) for the system (8)-(9)
if there exist strictly positive constants c1, ¢z, ¢3 such that for
all 0 < & < 1 and all states (1, z) it holds that

il < Ven) < Sl (13)

. 3
inf [LiVe(n, 9+ LeValn, ot Vean] <0, (14)
nelU &
where U is the set of all possible controls. One way to
generate a RES-CLF V.(n) is to first solve the Lyapunov
equation AT P+ PA = —Q for P (where A is the matrix given
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in (12) and Q is any symmetric positive-definite matrix), and
then define

1 1

-1 0 -1 0

Ve =n"| ¢ Ple n=:n"Pen, (15)
0 1 0 1

for which we have
L;Ve(n,2) = 0" (FT P + PcF)n,
LzVe(n, 2) = 20" P:G. (16)

Associated with a RES-CLF is the set of all u for
which (14) is satisfied,

Ke(n,2) = {n e U: LiVe(n, 2) + LgVe(n, D
c3
+ ?Vs(n) <0},

and one can show that for any Lipschitz continuous feedback
control law ug(n, z) € K:(n, z), it holds that

1 ¢
In®l < = | Ze 2 o), (17)
gV C

ie.,, the rate of exponential convergence to the
zero dynamics manifold can be directly controlled with the
constant ¢ through % There are various methods for finding
a feedback control law u.(n,z) € Kg(n,z); in practical
applications, it is often important to select the control law of
minimum norm. If we let ¢35 = % (where Amin and Amax
denote the minimum and maximum eigenvalues of a matrix,
respectively) and define

V0.0 = LpVe(n.2) + 2Ve(0.2
Y1.6(n,2) = LgVe(n, 2)", (18)

then this pointwise min-norm control law [15] can be
explicitly formulated as

. Wo‘s(n, Z)I/f],e(n’ 2)
pe(n, z) = . V1., 2T Y1,6(n, 2)

if Yo .:(m,2) >0

if Yo¢(n,2) <0,
(19)

wherein we can take u = . in (7).

1Il. ADVERSE EFFECTS OF TORQUE SATURATION

ON THE CLF-BASED CONTROLLER

The approach described in Section II was successfully imple-
mented on the robotic testbed MABEL, producing a stable
walking gait.> However, analysis of the experimental data
reveals that the user-imposed saturations on the control torque
inputs were active throughout much of the experiment and
significantly affected the implementation of the CLF-based
control method. As shown in Fig. 1, for the leg angle motor
(top graph), the raw (desired) control torque was at times
more than 400% of the (actually implemented) saturated
value. Moreover, this occured over a significant duration

3See [1] for a description of the experiment and a reference to the
online video.

325



IEEE

The journal for rapid open access publishing

K. Galloway et al.: Torque Saturation in Bipedal Robotic Walking

40 T T
—— Stance

Swing

UmLA (Nm)
o
T

—40F

20

UmLS (Nm)
o

I I I I I
274 27.6 282 284 286

28
Time (s)

FIGURE 1. Motor torques (from the MABEL experiment described in [1])
for the stance and swing legs for 4 consecutive steps of walking with the
minimum-norm CLF-based controller given in (19). The thicker plots
indicate the experimental (saturated) torques, while the thinner plots are
the raw (unsaturated) torques computed by the CLF-based controller.
Note that the symbols uy 5, Um1s indicate the motor torques at the

leg angle and leg shape coordinates respectively, which are linear
combinations of the thigh and knee angles [18].

of the step. Though necessary to prevent unsafe or damaging
motions, these saturation constraints were not applied in
a manner that appropriately preserved the qualities of the
CLF-based controller, and therefore the nominal bounds
given by (14) and (17) were frequently violated.

Limits for control inputs are typically imposed by the user
to ensure that motor torque specifications are not exceeded.
When the calculated ideal control effort frequently exceeds
the prescribed bounds and must therefore be truncated, the
controller performance is degraded and theoretical perfor-
mance measures may be violated, as in the experiment
described above. More importantly, when a control input is
saturated, the system runs in open-loop and is no longer able
to respond to increasing errors in tracking, often leading to
eventual failure.

Designing controllers which respect such bounds is
important, and therefore a variety of approaches have been
developed, such as quasi-linear control [16], which offers one
solution for a special class of systems. In the specific context
of input-output linearization, one approach is to attempt
to map the actual input constraints for the original system
to constraints on the corresponding control input for the
linearized system.* The main objective of the current work is
to present a method for implementing CLF-based controllers
for a general class of nonlinear systems in a manner which
respects the user-specified input bounds, making use of
quadratic programming with relaxations.

IV. FORMULATING THE CLF MIN-NORM CONTROLLER
AS A CONVEX OPTIMIZATION
To design such a controller, we proceed by recognizing that
the pointwise min-norm controller in (19) can be equivalently
expressed as a convex optimization problem formulated as

min u” p

I
s.t. Yo,e(1,2) + Y1, 2) u < 0. (20)

4See [17], for instance, where input-output linearization is combined with
linear model predictive control (LMPC) to implement such an approach.
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The inequality constraint above enforces the bound on the
time-derivative of the CLF given by (14), which can be
equivalently expressed as Vg(n) < —c3/e Vq(n). The solu-
tion of this convex optimization problem is then exactly the
controller specified in (19).

Remark 1: To clearly see that (20) is in fact equivalent
to (19), note that for 9 ¢(n,z) < 0, the above optimization
in (20) has the optimal solution u* = 0. This is exactly
the second case of (19). Next considering ¥ .(n,2) > 0
and minimizing u” o subject to the equality constraint
Yo.:(n, 2) + ¥1.(n, 2 = 0, we have the analytical solution
of the equality-constrained quadratic program through the
Lagrange-dual method as exactly the first case of (19).

Once we have expressed the pointwise min-norm con-
troller as a convex optimization problem, we can intro-
duce bounds on the control input in the form of additional
constraints for the convex optimization problem. However,
for these potentially conflicting additional constraints to
be satisfied, we first need to relax the bound on the
time-derivative of the CLF. We do this by requiring
Vg(n) < —c3/e Ve(n) + dy, for some d; > 0. The new
optimization problem is formulated as

min '+ P1 dlz
w,di
st Yo.e(n,2) + V1,2 u <di,

(LeLry(q, )™ 1t = (i — ),
(LeLry(q, )" 1t < (tmax —u®),  (21)

where pj is a large positive number that represents the penalty
of relaxing the inequality constraints and u* is defined by (5).
The last two inequalities above are torque constraints and
essentially enforce u;,;, < u < uyq With u as defined in (7).
The formulation in (21) deals with the non-ideal context
of saturated control inputs and therefore cannot ensure the
same type of stability claims as those provided by [1, Th. 2],
since relaxations in the bound on VE result in a loss of
the RES-CLF quality for V.. However, given a prescribed
convergence bound and a set of saturation constraints, the
control described by (21) is guaranteed to perform at least
as well as any other controller in the sense that it will
keep V; in the smallest possible level set. In this sense, the
CLF-based controller (21) can “match” the performance of
any other controller in regards to bounding the growth of the
RES-CLF V.. We also note that, though (21) as formu-
lated does not guarantee Lipschitz continuity of the resultant
controller, the work in [19] provides sufficient conditions to
ensure Lipschitz continuity for these types of problems.
Remark 2: We note that (21) can also be formulated with
“soft” bounds on the control inputs, such that the control
input u in (7) satisfies uyin, — da < U < Uyax + d3, for some
dy, dz > 0. This alternative formulation provides the control
designer with parameters to trade off violation of the bound
on the time-derivative of the CLF with that of the saturation
bound on the control input. However, in most practical cases
the bounds on the inputs appear as hard bounds which cannot
be relaxed, and the current work will focus only on this case.
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